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Overview

@ Introduction
© Lienard-Wiechert potential
© Electro-magnetic field in bending magnet

@ Electro-magnetic field in undulator

© Summary
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Introduction

Introduction

@ Integrated Green function. K.Ohmi used it to obtain Green function
for flat beam collision PRE62, 7287 (2000). J. Qiang called it
Integrated Green Function. (K. Yokoya has used it since 1980's.)

@ The integration is used to regularize the potential behavior
G = log|x — x'|. It was essential to realize a correct beam-beam force
for very flat beam with aspect ratio < 1/100.

© Electro-magnetic field near moving single electron is calculated under.
free boundary condition. Longitudinal wake in 2d was done by C.
Huang et al. PR ST-AB 16, 010701 (2013).

@ Integrated Green Function is used to regularize to sigular behavior of
high frequency component of EM field. Similar works were done by R.
D. Ryne et al.

© Integrated Green Function, which is equivalent to Longitudinal and
Transverse (mono-pole) wake field, were obtained.
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Lienard-Wiechert potential

Electro-magnetic potential of moving elelctrons, Lienard-Wiechert
potential.

1 e Lo ev’
t) = Ax,t)= ———~ 1
o) = o R —n ) 0= ri—n g W
Field is evaluated at x
Electron position is x’
/ R / / / / /
R=x—-x n=_ v =dx'/dt B =v'/c (2)

Space time position of moving electron is (x’, t') and field is observed at

(x,t)

t=1t 4+ — 3
c (3)
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Lienard-Wiechert potential

Electro-magnetic field of moving electron

Electric filed given by Lienard-Wiechert potential.

e [n—ﬂ’ +n><(("—ﬁ’)><a/)]

= 4reo v2Kk3R2 k3R
e [n—-03 ndn-0)-(1-n-8)
4reg | Vv?K3R? k3R
e

(EC) + EM) Coulomb and radiation terms

k=1-—n-g o' = dg'/dct’
Magnetic field
B - %n « E (5)

Lorentz force

F=e(E+cBxB)=elE+px(nxE)]
—e[(l—n-B)E+ (8- E)n| (6)

NSO TR R IR EVETERIN (NS WISl  Integ. Green Func. for moving particle Mar. 30, 2016 (KEK) 5/51




Electro-magpnetic field in bending magnet

Electro-magnetic field for an electron with given trajectory

Electro-magnetic field is calculated on mesh points near a source electron.

© Area near a source electron is devided to ny x n, x n; mesh with the
size Ax x Ay x Az, where Ax,y,z ~ 0y, ,/10 depending on
studied physics.

@ The field has very high frequency component,
e = 4mp/3v3 < Ax,y, z in general.

© Integrated Green Function, which Lienard-Wiechert field is integrated
with constant weight in the area AxAyAz, is introduced.

Xi+Ax/2  pyi+Ay/2 zk—i-Az/Z
F (%, 5:0,0) / / / (%,5:0,00d%.  (7)
xi—Ax/2 Jyj—Ay/2 Jz—Dz/2
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Electro-magpnetic field in bending magnet

Accelerator coordinates and Space time relation

Evaluate electro-magnetic field and source particle motion are expressed by
the space time x = (x, y, s) as function of t.
The space time relation of L-W potential
R(x,y,s — s
t=t'+ Rix.y.s=5) t'=t'(s) (8)
c

Accelerator coordinate x(s) = (x, y, z) as function of s, where
z = Bc(t’ — t) is arrival time advance. L-W field is induced by an electron
X' = (x',y’,s) at Z/(s), with the assumption Z'(s’") = Z/(s) (next page).
The space time relation

s=5+BR(x,y,s -5 )+ z. (9)

The source particle move along reference robit, choose z/(s) = 2/(s") = 0.
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Green function and integrated Green function

Green function = Field given by single point charge L-W field.

Force for a charge distribution V(X'p), ¢¥(x') = [Wdp'
F(%.5,s) = / F(%,5,5:%, 0,5 V(<. 5:s)ddy  (10)
First assumption: particles move the same trajectory. [y, > s — s’
F(%:s) ~ /F(;,s;z')zp(z’,s')dz' (11)

Integrated Green function, with second assumtion that the distribution
does not change in the motion of s’ to s. s’ is function of s'(X — X', s)

F Xuk 5 ZF lelﬁS len? )w(lem ) (]‘2)
Imn
F (Xijks S Ximps §') = F (Xijk — X S) (13)
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Integration of Green function

© Green function/LW field contains high frequency component.
@ The detailed behavior has to be considered to integrate LW field.

© Particle distribution is assumed uniform in the integration area. The
integration is regarded as a cutoff the high frequency component.

el

Figure: Definition of coordinates. x,y
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Electro-magpnetic field in bending magnet

Motion of Source electron

LW field near the source particle moving in bending magnet is calculated.
Beam orbit is expressed as function of s’ by

x'(s") = p(cos® — 1) ('(s)y = —psind (14)
d /
BL(s") = djt’ =psind  Bi(s') = Bcosh (15)
/ 2 2
al(s) = Zf:/ = —Bp cos 6 ag(s") = ?sine (16)
s’ = pct’ s = fct 0:575,
p

02+ (xi —x'(0))> +y7 s <BRmaxij+z  (17)
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Electro-magpnetic field in bending magnet

Relation between retarded time s’ = fct’ and z

The space time relation

s=5+BR(x,y,s -5 )+ z. (18)

Relation between z and s’ at (x, y, s) is obtained.
@ For given ', calculate z. Simple substitution.

@ For given z, calculate s’. Root finding for example using
Newton-Raphson method.

o (x=xX)B =B,
ds’ R

f(s!)
/ — NI
Sit1 = S; df/d5/|sl{

f(s) =s'—s+BR(x,y,s—5s")+z,

. (19)

N-R iteration
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Field as function of x, = x/p,y, = y/p,0 = (s —5")/p

Space-time relation uusing § = (s —s’)/p

R
z,=0— B8R, RpE;

. o0
= \/4(1+xp)sm22—|—x3+yp2 (20)

1 0
n= Fp (Xp + 25sin? E,yp,sin 9)

k= —dz/ds' = dz,/df
B(1+x,)sind
R,
4sin* g + % sin? 0 + (4sin® § — 2%sin? 0)x, + (1 — B%sin 0)x> +y3
Ro(Rp + B(1 4 xp) sin 0)

k=1-n-pB=1- (21)

1st and 2nd expressions are usefull for 8 < 0 and 6 > 0, respectively.
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Radiation Field /Force

r § 20
E() — p2f6?3/<;3 [2 sin? ( R,( —sin6) (22)
P
+{R,3 —sinf(2 — cos )} x, — (xg + ypz)sin 0]
2
Fﬁr) 2/€3 3 [sin2 6 + 432 sin? g —2R,Bsin0

+ (sin2 6 + 4/3° sin® g — R,fsin 9) X, + ﬁzx +y, cosﬁ] (23)

2
;) = ng > {2sin2 2(1 + %) — R,Bsin6 + <2s.n g - ;)] Yo
(24)
Numerical cancellation sometimes occurs. Check using quadratic precision
numbers.
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Coulomb Field/Force

1 0
) = 21+ p%)sin” 3
2R { (14 3%)sin )
1
—,8 Sin HRp + <72 + 2B2 5'n2 g) XP:| (25)
1 1 4
Fy(c) _ 23 2R <72 + 2/3?sin? 2> Yp (26)
p
1
FL) YV2r3p?R3 (sin§ — B2 cos OR,) 27)
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Electro-magpnetic field in bending magnet

Radiation Field/Force near source electron

It is wellknown the behavior for x, = y, = 0 and 6 — 0.

R,(0,0,0) = 2sin

g‘ k(0,0,0) = 1 — Bsgn(f) cos(6/2)  (28)

_ 572 B — sgn(0) cos(6/2)
p? 2 (1 — Bsgn(f) cos(6/2))>

B2+ 8)*" {1 _ P +p)e”
202 8

Es(0,0,0)

+ 0(6") 6 — +0 (29)

~ —

E<(0,0,+0) ~ —2+*/p? and Es ~ 0 at § = 2/~; z =~ p/~3. This behavior
is realized by the characteristic wave length A\ = 47p/(373).
Discontinuity for sgn function gives small number (~ 1/(8p?)) for 6 < 0.
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Studies for SACLA E =8 GeV, p =46.4 m, \c = 0.05 nm

Emittance growth has been observed at branch line in SACLA. Effect of
transverse CSR force is motivation of this study.
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Figure: s'(z), k(s).

The behavior is gentle for finite x.

s'(z), k. Field from upstream contributes.
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Electro-magpnetic field in bending magnet

Lorentz force near single particle (radiation part)

o«
E
=

o

Figure: Lorentz force near a point charge. (top) F{”, (bottom) F{" and F{".

Ac = 0.05 nm, E,(0) —5.58 x 1013 m~2 (top left plot x=0).
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Electro-magpnetic field in bending magnet

Convergence of the Integrated Green Function

Integrated Green Function for Ax = Ay =5 um, Az =0.1 ym is
calculated ~ 0.1 x (ox,0y,0;).

Integration inside a mesh is performed numerically.

The integration step, dz/\c < 1, ds ~ 2+2dz, dx, dy ~ 2ydz
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Figure: Convergence of Integrated Green function for integration step in nearest
mesh x=y =2z=0.
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Integrated Longitudinal force (radiation part)

Fs is smaller for x ~ 1 um after integration, while it is larger for small
x ~ 1 nm in page 17.
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Figure: Longitudinal wake force. Right plot is for front part.
4 343 —4/3
Formula Fs(z) = == | =—=z (30)
21302 \ 2p
Fs > 0 for z > 0 means acceleration of particles arriving earlier (leading
particles).
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Electro-magpnetic field in bending magnet

Integrated horizontal force (radiation part)
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Figure: .Integrated horizontal force. Left and right plots are for z < 0 and z > 0.

Singular behaviors are seen in positive x for negative z (traling particles).
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Electro-magpnetic field in bending magnet

Field enhancement of tangential direction

Small kK =1 — n - 3 for tangential direction enhances LW field.
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Figure: L-W field and « near tangential position. z < 0 for R > s — s’ at large x.
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Electro-magpnetic field in bending magnet

Integrated vertical force (radiation part)

Weak vertical field F}Sr) ~ F)Er)/lOO.
Slope changes for z < 0 (focusing) and z > 0 (defocusing).
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Figure: Integrated vertical force. Left and right plots are for z < 0 and z > 0.
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Electro-magpnetic field in bending magnet

Integrated Longitudinal force of Coulomb part
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Figure: Integrated Longitudinal force of Coulomb part.
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Electro-magpnetic field in bending magnet

Integrated Transverse Force of Coulomb part

Coulomb force is smaller than radiation force, F(e) ~ F(r)/100.
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Figure: Integrated Transverse Green function of Coulomb force. Top left
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Integrated Longitudinal Force (E=8.0, 1.0, 0.2 GeV)
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Figure: Longitudinal Integrated Green function. Sum of the radiation and
Coulomb forces, Fs(r) + Fs(c).
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Electro-magpnetic field in bending magnet

Integrated Transverse Force (8 GeV)
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Figure: Transverse Integrated Green function at E=8 GeV. Sum of the radiation
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magnet

Integrated Transverse Force (1 GeV)
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Figure: Transverse Integrated Green function at E=1 GeV. Sum of the radiation
and Coulomb forces, F(’) + F(C).
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magnet

Integrated Transverse Force (0.2 GeV)
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Figure: Transverse Integrated Green function at E=0.2 GeV. Sum of the radiation
and Coulomb forces, F)E’)y + F)E;;
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Convolution with Gaussian beam profile (E=8 GeV)

Yex/y =1 pm, oy, =25 pm, op = 2.5 prad, o, =1 um, N = 1010,
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. Top right

is transverse space charge force in straight given by formula:
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Convolution with Gaussian beam profile (E=1 GeV)

Yex/y = 0.125 pm, o/, =25 pm, op, = 2.5 prad, o, =1 pm,

N, = 1010.
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. Top right
is transverse space charge force in straight given by formula:
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Electro-magpnetic field in bending magnet

Convolution with Gaussian beam profile (E=1 GeV)

Vex/y =1 pm, oy,
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. Top right
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Convolution with Gaussian beam profile (E=0.2 GeV)

Yex/y = 0.025 pm, oy =25 pm, op, = 2.5 prad, o, =1 pm,

N, = 1010.
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. Top right
is transverse space charge force in straight given by formula:
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Convolution with Gaussian beam profile (E=0.2 GeV)

Vexsy =1 pm, oy, =160 um, o, =16 prad, o, = 1 pm, N, = 10™.
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. Top right

is transverse space charge force in straight given by formula:
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SACLA final branch line (E=8 GeV)

Yex/y = 0.8 pm, o/, =23 pm, op = 2.3 prad, o, =3 pm,
Ne = 1.685 x 10° (
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. SACLA
final branch line.
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LCLS bunch compressor (E=0.22 GeV)

Yex/y = 0.5 pm, o/, =170 pm,op = 6.9 prad, o, =98 pum,
Ne = 1.29 x 10° (180 pC).
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Figure: Convoluted beam kick. Sum. of radiation and Coulomb force. LCLS
bunch compressor (E=0.22 GeV).
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Electro-magpnetic field in bending magnet

Entrance and Exit of bending magnet

Figure: Definition of coordinates. x,y at Entrance and Exit
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Electro-magpnetic field in bending magnet

Entrance of bending magnet

x' = (p(cos® — 1)+ £sinh,0,—psinf — £ cos )
B = B(sinf,0,cos0) a =0
Zp = 9+€p - BRp

6
R, = \/4(1 + x,) sin? 5+ X3+ y2 + 42+ 20,(1+ x,)sinf (32)

1
n= Fp <xp+2sin22+£psin0,yp,sin9+€pc059>
1 .
pe1-n.pg =124 +X”;S'"9+£”} (33)
p

No serious numerical cancellation for £, > 1/7.

NSO TR R IR EVETERIN (NS WISl  Integ. Green Func. for moving particle Mar. 30, 2016 (KEK) 37 /51



Exit of bending magnet

x' = (p(cos® —1),0, —psind — )

2
B = B(sin 6,0, cos ) o = B—(—cos 0,0,sin0)
p

z,=0+1(,—BR,

:\/4(1+xp)sin22+x3+y§+€%+2€psin9 (34)

0
n=— <xp+2sin2 2,yp,sin9+€p>

B{(1+x,)sinf + ¢, cos b}
Ry

k=1-n-f =1- (35)
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Electro-magnetic field in undulator

LW-field near a charged particle in undulator

z=s— ct = fctyg — ct : time advance for light arriving at s.

H:(1+5)—\/(1+5)2_<p_3>2_’712

e
a= m—C(AX,Ay) ay=—Kcosk,s a, =0

Equation of motion

dx _ px—ax/v  dpx

e (o-2) -

ds Ps ds =0
dz:1_1+(5 iézo
ds Ps ds

K. Ohmi, S. Chen, H. Tanaka® (KEK/SP8)
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Electro-magnetic field in undulator

Electron motion in undulator (approximated)

K 1+ K?/2 K2
xu(s) = Gk, sin ks z,(s) = — +272 / s — 82k, sin 2kys
K 1+K2/2 K2
U = — ky su(ls)=1— ——— — — 2k,
Bx,u(s) S cos ks Bs,uls) 272 17 cos 2kys
Kk, K?ky
axu(s) = B 5 sin ks asu(s) = 6272 sin 2kys (39)

1
B2+p2=p%+ W(l + K2 cos? k,s)?
X Meshed area, nx ny nz

Calculate E on the mesh points

Retarded time
condition

effrajectory, s.

s—z=s5-Z'(s)+R

Mesh for z is for ¢ times advanced time.

Figure: Integral in Undulator.

K. Ohmi, S. Chen, H. Tanaka® (KEK/SP8)

Integ. Green Func. for moving particle Mar. 30, 2016 (KEK) 40 / 51



Electro-magnetic field in undulator

Parameters of beam and undulator

E=8 GeV, v =15289, L, =9 m\,=18cm, k, =349 m™ 1, K=2.

0.4 T T T 0
I\ I\ I\ I I\ b
ol |0,
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S o1 “HH“HHHHHH‘\, - -4#\\\\\\\\\\\\\\\\HMHHHHHHHHHH\L
= U L ‘ ‘ = HH‘HH‘HH‘HHHHHHHHHHHHHHHH
S e
e Ll » I
= I
0.2 1 H\HHHHHHH\HH\HHHHH\H
03 or
04l — 1 L T 12 ! ! !
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
s’ (m) s’ (m)

Figure: Particle motion for s’.

x| = K/Bkyy = 0.366 mm, |Bx| = K/v = 0.128 x 1073
(Bs —1) = (14 K2/2)/27% = 6.12 x 1079
Ar = 0.11 nm.
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Electro-magnetic field in undulator

Particle motion for z at s = 0.9 m

z = 0 is arrival time of light emitted at s = 0. Variables at z < 0
Arrival time of source particle with z =0 at s = 0.

1+ K2/2 1
—;2/5 =———5=-55mmats=09m
2~y 22

~

X (um)

ol
10 9 8 -7 6 5 -4 3 2 1 0

z (nm) z (nm)

Figure: Particle motion, x" and . for z at x = 0,10 um.
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Electro-magnetic field in undulator

Electric field of undulator (preliminary)
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Figure: Electric fiel. E, (top) and Es (bottom)

—z =0 is arrival time of light (reference).
—z = 5.5 nm is arrival time of source particle.
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Electro-magnetic field in undulator

Lorentz force of undulator (preliminary)
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Figure: Lorentz force Electric fiel. F, (top) and Fs (bottom).
Medium @ resonator, @ = 10. Decoherence for x. Large s — s’ is better

coherence. Translation symmetry, F(z,s + d) = F(z),-d < \,.
(KEK/SP8)
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Wake field in undulator (preliminary)

Redefinition of z, z — 5/273 = z,
dp(x N
”(dz’s) = e / F(%, 5 %) 0W(% —%,(s),s)d%  for By >s—s' (40)
v

V(X = %(5), &) m (X = %y(5),5) for s — 5' < Lain

Energy loss/gain during As, (A, < As < Lgain)-

s d a4
A§(R,s) = B(s") - ”EIX’HS ) gs (41)
s—As S

/ {/A ds"B(s") - F(X.s", %) [(% — u(s), s)dx’
[ Fst 57 = 5uls), )ax )

_ Nre
Y

Translational symmetry, F(z,s + d) ~ F(z + d/272,s) for x, < o and
new z. The integration for s” is trivial.
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Summary

Summary

@ Lienard-Wiechert potential /field near single particle was calculated
along given trajectory in bending magnet.

@ Integrated Green (Wake) Functions for longitudinal/transverse fields
were obtained.

© The transverse force may have some effects depending on parameters.

@ Longitudinal and transverse field in undulator were obtained.

Next steps
@ Entrance and Exit of bending magnet
@ Regularization/Integrated Green Function in undulator.

© Simulate bunch motion using the wake field.
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The End

Thank you for your attention
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Summary

Electron motion in undulator

Solution
1+ K2cos? k 1+ K2/2
_5—0 psz\/1_+c205usz\/1_+2/5ﬁ
v v
dx
o~ k = ink 43
as = 5 cos ks X Gk, sin k,s (43)
d 1 1+ K?/2 K2
CTZ:1— — N — +22/ —4—2c032kus
S 14 K?cos? kys Y Y
\/1 7
14+ K?/2 K?
2t / sin 2kys (44)

S p—
272 872k,
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Summary

X, 3, «a
By = % = % <C(lz>_l = :cos kys (45)
Bs = <c(ljcst> B =1- 1—;522/2 — f;cos 2kys (47)
= (Cff) = 2 ks (48)
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Particle motion for z at s = 0.9 m
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Figure: Particle motion, x’ and S, for z.
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