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Introduction:
single-particle Green’s function and self-energy
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A(k,ω) is a functional of Im Σnor(k,ω) and Im Σano(k,ω) 

How to estimate (infer) 
Im Σnor(k,ω) and Im Σano(k,ω) separately? inverse problem

Nambu representation for superconductors
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Why is Σano peak important?:
How did the BCS el-ph mechanism become convincing? 

strong-coupling superconductivity

McMillan-Rowell
1965, 1968
Scalapino, Schrieffer Wilkins 1968
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How about high Tc cuprate superconductors? 

Kondo et al.   
Nature 457, 296 (2009)
Nat. Phys. 5, 21 (2010)

Tc~90K 

Bi2Sr2CaCu2O8+δ
(Bi2212)

underdoped Tc~29K 

Bi2Sr2CuO6+δ
(Bi2201)

Can we infer SC mechanism from A(k,ω)?
Thirty-years-long puzzle & challenge

ARPES data

antinodal point
mild peak-dip-hump

A(k,ω)=Im G(k,ω)spectral func.

11K

角度分解＝運動量分解
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One more puzzle; pseudogap
spin excitation   NMR T1 Yasuoka et al. (1989)

Knight shift Takigawa et al. (1991)
susceptibility Johnston, Nakano et al.
neutron Rossat-Mignod et al.

optical conductivity
specific heat  Loram et al.
μSR
resistivity, Hall coefficient
Raman
photoemission, ARPES Shen et al.
STM
tunnel conductance
.............

AF
SC

electron
dopinghole

FL FL

MI

PG
PG

0
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ot
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or

underdoped region

Mott gap beyond AF gap
strange metal ρ ~ T
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Variational Monte Carlo Tahara, MI
JPSJ 77 (2008), 114701

fij  : pair-dependent variational parameter

optimization of 1,000-100,000 variables to overcome bias

/2

† †
pair 0

N

ij i j
ij

f c cστ σ τ
στ

 
Φ =  

 
∑

Represent strong entanglement in the real space representation

Pfaffian



M. IMADA

FTTN combined with VMC
Zhao et al. PRB 96, 085103 (2017) 
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Efficiency and accuracy of TN+VMC

VMC only

TN (MPS) only

VMC+TN
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2D Hubbard
U/t=10
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VMC only
1D Hubbard, 
U=10, L=16, Ne=10

2D Hubbard, 4x4
U=10, Ne=10

accuracy beyond each single method

Zhao et al.
PRB 96, 085103 (2017) 

cf. Chou et al.(2012)
Sikora et al. (2015)
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Combined VMC and Neural Network
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pair-prod t
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Sx x φ== =Ψ = ∑P L N L LL

variational Monte Carlo +
neural network (machine learning) 
restricted Boltzmann machine

b, W ; variational parameter
σ ; physical variable

Nomura, Darmawan, Yamaji, Imada 
PRB 96, 205152 (2017)
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VMC+tensor network+Lanczos: 
Phase diagram of Hubbard model

U/t=10

Darmawan, Yamaji, Nomura, Imada PRB2018

AFMI

stripes with various 
periods (4~9)

Josephson coupled
superconductor

severe competitions with SC 
with tiny energy difference

†( h .c.)ij i j i i
i

H t c c U n nσ σ ↑ ↓= − + +∑ ∑

dome∆E≤0.005t~20K

Mott insulatordoped

SC G.S. confined in the 
overdoped region >0.2
Discrepancy from experiments
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1st-principles Hamiltonian for curates

HgBa2CuO4 eV

La2CuO4

1-band Hamiltonian

Hirayama et al. PRB(2018)
arXiv:1901.00763 

U/t~7.6

HgBa2CuO4

1band (x2-y2)
2band (x2-y2, 3z2-r2)
3band (x2-y2,2pσ)
Hamiltonians 

improved cGW-SIC method
(2pσ level feedback to satisfy
nGW = nVMC)

Aryasetiawan et al. 
PRB 2004
Hirayama et al.
PRB 2013, 2017

MACE scheme for ab initio Hamiltonian

U=3.85 V=0.83

t=0.51
t’=-0.13

eV

beyond cRPA

Hirayama, Misawa, 
Ohgoe, Yamaji, Imada

RG-like
partial trace:
MACE
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VMC+FTTN+LCZS for ab initio Hamiltonian of HgBa2CuO4

Uniform SC state is stabilized for ab intio case

experiments: 0.09<δ<0.12, q~0.25
W. Tabis, Y. Li, M. L. Tacon, 
et al., Nat. Commun. 5, 5875 (2014).
G. Campi, A. Bianconi, et al.
S. M. Kazakov, et al., Nature 525, 
359 (2015).

V3 partially 
cancels V1

further neighbor
transfer and 
interaction make
stripe energy higher

Mott gap ~2eV
AF moment ~0.6μB

Ohgoe, Hirayama, 
Ido, Misawa, Yamaji,
Imada,

La based
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Origin of gap (mass) generation

, ,

' ' '

,

'
†

,

 [ ( ) ( ) ( )( . )]

      AF, CO: SC:  ,      

c k k d k

k k Q

k

k

k
k

k

kH k c c k d d k

d cc

c h

d

d cσ σ σ σ σ σ
σσ

σ σ σ σ

ε ε

+ − −=

− +

=

= + Λ∑ † † †

Spontaneous-symmetry-breaking gap
† †

, , , ' , ' ' 'k k q p p q p p k kc c d d d c c dσ σ σ σ σ σ σ σ+ − ⇒† †

BCS
( )†

, ,

†
, , , ,

k k q q q

k k q p p q

c c b b

c c c c
σ σ

σ σ σ σ

+ −

+ − − −

+

⇒

†

†

emergent hybridization

hybridization gap of two-component fermions
1

1
2

22

1( ) ( )
( )( )

1
( )( ) ( )

c d

d cc d

d
c

c d
c

d

G H

G

ω ε ω ε
ω ω

ω ε ω εω ε ω ε
ω ε

ω ε ω ε ω ε
ω ε

−

− − −Λ − Λ   
= − = =   −Λ − Λ −− − − Λ   

−
= =

Λ− − − Λ − −
−2

nor ( , ) k
c

d

k ω
ω ε

Λ
Σ =

−
pole of Gd

bare⇔ pole of Σc
nor⇔ zero of Gc

bare 1
c

c

G
ω ε

=
−

2 2if ( )d c c kkε ε ω ε= − ⇒ = + Λ mass generation

el-ph. int.



M. IMADA

Origin of gap (mass) generation
Case of QCD

1( )( ) ( ) - Tr ( ) ( )
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,0,  0
( ) ,   0,  ,0 ,  ,

0,  0,  
; (3)  generator
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d s

s

L q x i D M q x G x G x

mu
q x d M m D ig G T

s m
T SU

µ µν
µ µν

µ µ µ

γ  = −  

  
  = = = ∂ −  

       quark interaction through gluon G

⇒ chiral symmetry breaking
( ) ( ) 0RLq x q x ≠

quark-antiquark condensate

Higgs mechanism

vacuum condensation( ) ( )† †c d b b c d b b+ ⇒ +† †

quark mass

strong interaction

gluon condensation;
nonperturbative effect

similar for weak interaction
W-, Z-boson condensation 

( )†c d b b c dc d+ ⇒† † †

All require SSB. 
How about the pseudogap
and Mott gap if SSB is absent?

Nambu-Jona Lasinio
mechanism PR 122, 345 (1961)
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How about Mott gap?
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Composite fermion for Mott gap
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Mott gap and pseudogap, itinerancy and carrier doping

pole

zero

Unchanged

δ=0 δ=0.09

hole

~0.2t

A small-energy zero surface 

PG

• CDMFT+ED
• U=8t, t’=0, T=0

Transfer

Sakai, Motome, Imada
PRL 102 (2009) 056404

Pseudogap
w/o symmetry breaking

Mott gap

keep 
paramagnetic

 [ ( ) ( H.c.) ( ) ]c k k k k k d k k
k

H k c c c d k d dσ σ σ σ σ σε ε= + Λ + +∑ † † †

suggest emergence of hybridizing  d  ; two-component fermion

Central question: What is d?
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Smoking gun for the hidden fermion
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Pole cancellation between Σnor and Σano

If the peak directly comes from 
bosonic excitations such as 
spin fluctuations, 
the cancellation does not happen.

U=8t 
t’=-0.2t
n=0.95
T=0.01
k=kAN

Poles of Σnor/ano are 
invisible in A(k,ω).
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The reason why
overlooked in
experiments

=

Evidence for hidden fermion

Perfect agreement 
with TCFM

Why is the peak important?

Sakai et al.
Phys. Rev. Lett. 
116 (2016) 057003
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Im ∆ peak generates high Tc
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cf. Maier, Poiblanc, 
Scalapino, PRL’08

80% of the gap is attributed to the peak!

What makes this peak? = What is the hidden fermion?

Gap function 
∆(ω) = z Σano Kramers Kronig

Sakai, Civelli, Imada
PRL116 (2016) 057003

cluster DMFT
2x2 cluster
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A(k,ω); comparison between ARPES data and machine learning 

perfect agreement

optimal
Bi2212

underdoped
Bi2201

antinodal point

{ }( )nor ano
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A k

k k

ω

ω ω
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Σ ΣA
solve inverse problem 
by machine learning (BM)
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Summary
1.  VMC, tensor network, neural network

as quantum many-body solvers 
without sign problem

6. Machine learning of ARPES supports
dark fermion theory and Planckian dissipation

2.  Severe competition between SC and 
charge inhomogeneity (PS and stripes)

3. Ab initio Hamiltonian reproduces 
the phase diagram of cuprates

4. Universal gap (mass) generation by 
hybridization gap without SSB 
(Mott gap, pseudogap)

5. Prominent self-energy peak generating SC
with cancellation ⇒ dark fermion theory
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Candidate of hidden fermion: 
Quasiparticle vs. Composite fermion

quasiparticle:
kinetic energy gain interaction energy gain

life time

hybridization composite fermion:

Yamaji & Imada
PRL101 (2011) 016404
PRB 83 (2011) 214522

natural extension of exciton
incoherent part of fermion
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Excitons
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Bose  condensation, without spontaneous symmetry breaking 

⇔ Mott gap
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Exciton and hidden fermion

†
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electron weakly bound to a hole (Wannier type)

Imada, Suzuki, JPSJ (2019)
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