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価電子分布の観測 ー 磁気形状因子測定
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Fig. 1. (a)}(c). Comparison between the observed (open circles with bars) and calculated (black triangles) magnetic form factors.
Magnetic "elds are applied along a-, b- and c-axis in the respective "gures.

Fig. 2. Schematic view of the orbital ordering in YTiO
!
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for sites 1}4, respectively, and the agreements between
the experimental results and assumed orbital ordered
con"gurations are satisfactory. This indicates that new
orbital ordered states as schematically shown in
Fig. 2 are directly obtained in the ferromagnetic YTiO

!
.

In conclusion, we have presented a direct evidence for
orbital ordering in the ferromagnetic YTiO

!
by observ-

ing the special re#ections of the anisotropy of the mag-
netic form factor using polarized neutron di!raction
technique, and we have presented the calculation of the
magnetic form factor of these re#ections. The shape of

the wave functions expressed as (1)}(4) determined by the
experimental results is satisfactorily consistent with the
theoretical predictions.
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モデルに基づく解析 →　モデルフリーで可視化

trast, strong RXS was observed at only one resonant energy
!main edge" in the manganite systems.1,2 These energy de-
pendences in YTiO3 are, however, remarkably similar to the
case of YVO3.9 The energies of the resonant peaks depend
on the reflections, i.e., there is a large Q-position depen-
dence. Nevertheless, the intensity ratio between the pre-edge
and the main edge is almost constant, that is, Ipre :Imain
#1:20 without correction for absorption effects.

B. Azimuthal angle dependence

An important feature of resonant scattering is that, unlike
nonresonant charge scattering, the intensity depends on the
azimuthal angle, that is, rotating a sample about the scatter-
ing vector, provides direct information on the tensor of ASF.
We have therefore measured the azimuthal angle dependence
of the intensities at the forbidden reflections at the main
edge. At each azimuthal angle, $!2$ scans were performed.
The resulting integrated intensities at !1 0 0", !0 0 1", and !0
1 1" were normalized by that of the fundamental peak of !2 0

0", !0 0 2", and !0 2 2", respectively, to correct for any varia-
tions due to a sample shape. The structure factors of the
fundamental peaks were calculated by the crystal parameters
in Ref. 13. Then, the results finally normalized by the inten-
sity of !0 2 2" as a standard are shown by filled circles in
Figs. 3. The azimuthal angle dependence of the !1 0 0" and !0
0 1" reflections exhibit twofold symmetry %Figs. 3!a" and
!b"&. At the !0 1 1" reflection, the azimuthal angle depen-
dence of the '!'! component shows a fourfold symmetry,
while the '!(! component has a period of 360°, as shown
in Figs. 3!c" and !d", respectively. We have also measured the
azimuthal angle dependence of the (001) and (011) reflec-
tions at the pre-edge, and found it to be the same as that at
main edge, as shown by open circles in Figs. 3. The intensi-
ties were also normalized by the fundamental peak at main
edge. In quantitative discussion, we need a correction for the
energy dependence of the fundamental peak intensity.

FIG. 2. !a" Fluorescence at (0,0,1.5) near Ti K-edge energy.
!b"–!d" Energy dependence of RXS intensities at forbidden reflec-
tions. The scattering components, '!'! and '!(!, are shown
by open circles and filled circles, respectively.

FIG. 3. Azimuthal angle dependence of the RXS intensities at !1
0 0" %!a"&, !0 0 1" %!b"&, and !0 1 1" %!c" and !d"&. The intensities at
main edge are shown by filled circles, and those at pre-edge multi-
plied by 20 are shown by open circles. The ) of azimuthal angle is
defined as follows: !a" and !b", )"0 at '!b; !c" and !d", )"0
at '!a .
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Dipole resonant x-ray scattering from ordered Mn 3d orbitals in LaMnO3 has been observed near

the Mn K-absorption edge. The polarization of the scattered photons is rotated from s to p 0 and
the azimuthal angle dependence shows a characteristic twofold symmetry. A theory for the resonant
scattering mechanism has been developed by considering the splitting of the Mn 4p levels due to the Mn
3d orbital ordering. The order parameter of the orbital ordering decreases above the Néel temperature
(TN ≠ 140 K) and disappears at TO ≠ 780 K, concomitant with a structural phase transition.
[S0031-9007(98)06638-1]

PACS numbers: 61.10.Dp, 71.90.+q

Over the last few years, magnetic-field-induced phe-
nomena in perovskite-type manganites, such as negative
colossal magnetoresistance (CMR), have attracted a great
deal of attention [1]. In these materials, the charge, spin,
and orbital degrees of freedom each play important roles.
However, while the charge and spin configurations have
been investigated by neutron and electron diffraction tech-
niques, it has proved difficult to observe the orbital or-
dering directly. Nevertheless, Murakami et al. [2] have
recently succeeded in detecting orbital ordering in the
doped layered-perovskite La0.5Sr1.5MnO4, by using reso-
nant x-ray scattering techniques with the incident pho-
ton energy tuned near the Mn K-absorption edge. In
this Letter, we describe the observation of orbital order-
ing in the undoped, three-dimensional perovskite LaMnO3,
using the same techniques. LaMnO3 is of fundamental
interest as the parent compound of CMR materials, and
has been much studied as a result both experimentally
[3,4] and theoretically [5,6]. Our results confirm the pic-
ture of orbital ordering given by Goodenough in 1955
[7]. In addition, we present a theoretical description of
the resonant scattering mechanism based on the splitting
of the Mn 4p levels, induced by the orbital ordering of
the Mn 3d eg states.
The electronic configuration of Mn31 ions in LaMnO3

is (t3
2g, e1

g) using Hund’s rule as a first approximation.
The three t2g electrons are localized, while the eg elec-
tron orbitals are strongly hybridized with the oxygen p
orbitals. There is, in addition, a strong distortion of the
MnO6 octahedra [3], which has been ascribed to a co-
operative Jahn-Teller effect [8]. This distortion suggests
that there is a (3z2 2 r2)-type orbital ordering of the eg
electrons which is extended in the basal a-b plane. A

schematic view of the expected orbital ordering in the a-b
plane is shown in Fig. 1, together with the spin configura-
tion. Magnetically, LaMnO3 is an A-type antiferromagnet
(TN ≠ 140 K). The magnetic structure is stabilized by
the ferromagnetic superexchange interaction of the eg elec-
trons in the plane and by the antiferromagnetic interaction

FIG. 1. Upper panel: Schematic view of the orbital and spin
ordering in the a-b plane of the perovskite manganite, LaMnO3.
The orbital ordering along the c axis is expected to repeat the
same pattern. Lower panel: Schematic energy level diagram
of Mn 4px,y,z in the orbitally ordered state.
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of the t2g electrons out of the plane, consistent with the ex-
tended in-plane eg orbitals [6]. Recent magnetic neutron-
scattering studies have shown two-dimensional anisotropic
spin wave dispersion and critical behavior, which also sug-
gest an extended orbital in the basal plane [4].
X-ray diffraction measurements were performed on

beam line X22C at the National Synchrotron Light
Source, BNL. The incident beam was focused by a bent
cylindrical mirror and monochromatized by a pair of
Ge(111) crystals, giving an energy resolution of about
5 eV. Polarization analysis of the scattered beam was
performed using a Cu(220) analyzer crystal, which gives a
scattering angle of 95.6± when the incident photon energy
is set at the Mn K edge. By rotating the crystal around the
scattered beam, the linearly polarized s0 (perpendicular
to the diffraction plane) and p 0 (parallel to the diffraction
plane) components can be separated, as has been described
earlier (see Fig. 3 inset) [9]. A single crystal of LaMnO3
was grown by the floating-zone method. The (1, 0, 0)
surface was polished with diamond paste and fine emery
paper. The polished area was approximately 5 mm2, and
the mosaic width (FWHM) was about 0.2±. The crystal
was mounted on the diffractometer in a closed cycle
refrigerator or oven, as appropriate.
Orbital ordering of the eg electrons was observed

directly by exploiting the sensitivity of x-ray scattering
to an anisotropic charge distribution [10]. For the basis
shown in the upper panel of Fig. 1, the forbidden (h, 0, 0)
and (0, k, 0) reflections (h, k odd) have appreciable
intensities for incident photon energies near the Mn
K-absorption edge as a result of the asphericity of the Mn
atomic electron density present in the orbitally ordered
state [11]. Figure 2 shows the energy dependence of
the integrated intensity of the (3, 0, 0) reflection with
p 0 polarization together with the measured fluorescence,
at T ≠ 10 K. The fluorescence data locates the Mn31

K-absorption edge (EA) at 6.552 keV. There is a striking
enhancement of the intensity of the (3, 0, 0) reflection
at E ≠ 6.555 keV, about 3 eV above the edge, which
identifies this resonance with electric dipole transitions
(1s ! 4p). Transitions directly into the Mn 3d orbitals
are also dipole allowed due to mixing with the finite-width
oxygen 2p band, but occur 14 eV below the edge [12].
The observed behavior is consistent with our previous
results for La0.5Sr1.5MnO4 [2].
Besides the enhancement, resonant scattering from

orbital ordering is expected to exhibit several other
distinctive features as characterized by the azimuthal
angle (for rotations around the scattering vector) and
the final polarization. We have investigated both using
the experimental configuration shown in the inset in
Fig. 3. The dependence of the intensity on the azimuthal
angle c of the (3, 0, 0) reflection measured at E ≠
6.555 keV and at room temperature is also shown in
Fig. 3. The intensity has been normalized by the average
intensities of the fundamental reflections (2, 0, 0) and

FIG. 2. Closed circles represent the energy dependence of
the integrated intensity of the orbital ordering superlattice
reflection (3, 0, 0) with p 0 polarization near the manganese
K absorption edge at T ≠ 10.0 K. Open circles represent
measured fluorescence. Similar results were obtained at the
(1, 0, 0) reflection.

(4, 0, 0) to correct for small variations due to the sample
shape. The azimuthal angle c ≠ 0± corresponds to the
configuration in which the c axis is perpendicular to
the diffraction plane. In contrast to a normal charge
reflection, which is independent of the azimuthal angle,
the resonant scattering exhibits a characteristic oscillation,
with a twofold symmetry. The intensity approaches zero
near c ≠ 0, 180±. The solid curve is the theoretically
predicted behavior, sin2 c, described below. This result
directly reflects the anisotropic electron density in the a-b
plane arising from the orbital ordering.

FIG. 3. Azimuthal-angle dependence of the intensity of the
orbital ordering reflections (3, 0, 0) normalized by the funda-
mental reflection (2, 0, 0) and (4, 0, 0) at E ≠ 6.555 keV and at
room temperature. The solid curve is the calculated intensity
from Eq. (2). Inset: Schematic view of the experimental con-
figuration and definition of the polarization directions.
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In YTiO3, we have studied the RXS at the forbidden re-
flections near the Ti K-edge energy. The atomic scattering
factor !ASF" tensor of the Ti ion at room temperature
(!Tc) was determined from measurements of the azimuthal
angle, polarization, and Q-position dependence of the RXS
intensities at 1s!4p dipole transition energy. The anisot-
ropy of the tensor is consistent with our model calculation
for a 4p orbital polarization that arises from the on-site Cou-
lomb interaction between the Ti 3d and 4p !i.e., the Cou-
lomb mechanism". From the point of view of this Coulomb
mechanism, we have succeeded in determining the wave
function of the ordered orbital quantitatively, obtaining good
agreement with the results of previous theories and experi-
ments below Tc . Our data of the RXS are also compared
with some other recent theories.18,19 The other contributions
to RXS, which are not included in the present analysis, such
as the the tilting of neighboring oxygen octahedrons, are dis-
cussed. More detailed theoretical calculation is desired to
understand this RXS mechanism. At the 1s!3d transition
energy !pre-edge", RXS, which is expected theoretically to
directly reflect the neighboring 3d-orbital states, was also
observed. The azimuthal angle, polarization, and Q-position
dependence of the RXS at the pre-edge was the same as that
at the main edge. The temperature dependence of the RXS
shows no anomaly at the ferromagnetic transition tempera-
ture (Tc), although magnetostriction was observed.

II. EXPERIMENT

The single crystals used in this study were grown by a
floating-zone technique. (100), (001), and (011) surfaces

were cut and polished with fine emery paper and diamond
paste. The full width at half maximum of the typical mosaic
width was 0.07°. X-ray scattering experiments were carried
out at beam line X22C at the National Synchrotron Light
Source !BNL". The incident beam was monochromatized by
a pair of Ge!111" crystals, giving an energy resolution of
about 5 eV, and focused by a bent cylindrical mirror. Polar-
ization analysis of the scattered beam was performed using a
PG!004" analyzer crystal, which gives a scattering angle of
96.0° when the incident photon energy is set to the Ti
K-edge. The incident polarization was about 95% linearly
polarized in the horizontal plane; that polarization vector is
# . The polarization vector, #! ($!), of scattered beam is
perpendicular !parallel" to the scattering plane. The azi-
muthal angle and energy dependence of the RXS were stud-
ied at room temperature. For low-temperature experiment,
the sample was mounted in a closed cycle He cryostat.

III. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. Energy dependence

Near the Ti K-edge, the fluorescence of YTiO3 was mea-
sured at !0,0,1.5" as shown in Fig. 2!a". There are two large
peaks at E"4.974 !main edge" and 4.988 KeV of the 1s
!4p dipole transition energy. This energy spectrum is simi-
lar to that of LaMnO3 at Mn K-edge !Ref. 2: Fig. 2". More-
over, the fluorescence intensity shows a small shoulder at
E%4.962 keV !pre-edge" which corresponds to the 1s!3d
quadrupole transition energy.
The energy dependence of the RXS intensity was mea-

sured at the forbidden reflections, !1 0 0", !0 0 1", and !0 1 1",
where the observation of the RXS owing to the orbital order-
ing is expected. To avoid contamination due to multiple scat-
tering, the energy dependence was measured at several azi-
muthal angles. The data, free of multiple scattering, are
shown in Fig. 2. Figures. 2!b" and !c" show the energy de-
pendence of the !1 0 0" and !0 0 1" reflections. Both exhibit
only a #!$! component, but their energy spectra are quite
different. At the !1 0 0", three large resonant peaks at 4.974,
4.986, and 4.999 keV are observed, while at the !0 0 1" two
large peaks are observed at 4.972 and 4.984 keV. At the
pre-edge energy, a small resonant peak was observed at both
reflections.20 At the (011), both scattering components, #
!#! and #!$!, were observed simultaneously as shown
in Fig. 2!d". Both the components show the same energy
dependence, exhibiting two large resonant peaks at 4.975 and
4.986 keV and a weak peak at the pre-edge. The precise
energy dependence of the #!$! component was also mea-
sured around the pre-edge feature as shown by the small
filled circles in Fig. 2!d". In each of the reflections, several
resonant peaks are observed above the main edge. In con-

FIG. 1. Crystal structure of YTiO3 with the GdFeO3-type dis-
tortion. There are four Ti atoms in the unit cell, numbered 1–4,
which are located at (0, 12 ,0), (

1
2 ,0,0), (0,

1
2 ,
1
2 ), and (

1
2 ,0,

1
2 ), respec-

tively. The wave functions at sites 1–4, are c1zx#c2xy , c1yz
$c2xy , c1zx$c2xy , and c1yz#c2xy . The x, y, and z axes are
taken along the directions of Ti-O in the TiO6 octahedron. The inset
of site 1 shows an alternate coordinate system with the axes aligned
with the orbital, namely, the xy!z! coordinates are defined as the
xz! plane in which the t2g orbital is elongated. The angle between
the z and z! axes following a rotation about the x axis is defined
as rx .

TABLE I. The obtained parameter c1 of the wave function, which is c1zx#c2xy(c1
2#c2

2"1) at site 1.
The results have been determined by some theories, previous experiments !polarized neutron scattering and
NMR", and our study.

Theory Neutron NMR Present result

c1 %0.8 !Ref. 14", %0.71 !Ref. 15" %0.77 !Ref. 16" %0.8 !Ref. 17" %0.71

H. NAKAO et al. PHYSICAL REVIEW B 66, 184419 !2002"

184419-2



F (G) =

Z
⇢(r)e2⇡G·rdr

価電子密度分布の可視化

全電子密度 ρ(r)

観測量：{|F(G)|}（位相情報が消失）

結晶構造因子 {F(G)}

Fourier transformation

位相を如何にして得るか？

位相を直接観測する

可能な限り正しい {|F(G)|} を可能な限り多く観測して位相を推定

⇢(r) =

Z
F (G)e�2⇡G·rdG

・正しい強度測定 吸収・消衰効果，photon counting，多重反射

・正しい解析 電子密度のモデリング（多極子展開 → 波動関数の2乗）



正しい強度測定のために

直径 50 μm 球単結晶

・球形結晶，微小結晶

→ 吸収補正，消衰効果補正を最小に

・Photon counting 検出器 (APD)

→ 係数線形性 up to 107 cps (error < 1 %)

APD: Avalanche PhotoDiode → Rint(F) = 0.49 %

等価反射のばらつき = Rint(F)

SC: Scintillation Counter → Rint(F) = 0.67 %

Kishimoto, et al., Rev. Sci. Instru. 69, 384 (1998).



1つのブラッグ反射が満たす無限の回折条件

正しい強度測定のために

・多重散乱の回避

→ 多重散乱が消える条件で強度測定

4軸回折計@ KEK-PF BL-14A

2 次元検出器では不可能

極端に非効率な事を徹底的にやる



多重散乱回避の効果

YTiO3 の構造解析

等価反射のばらつきが激減

擬原子モデル

非等方性調和熱振動

赤：従来測定 → R(F) = 2.1 %
緑：多重散乱回避測定 → R(F) = 1.0 %

⇢
atomic

(r) = ⇢
core

(r) + P
v

3⇢
valence

(r)

core spherical valence
Y3+ [Ar] 3d10 4s2 4p6

Ti3+ [Ne] 3s2 3p6 3d0

O2- 2s2 2p6

差フーリエ合成

測定点数：12251 (1734) 全て使用

Qmax = 1.2 Å-1



正しい解析のために

多極子展開法 by Hansen & Coppens Hansen and Coppens, Acta Cryst. A 34, 909 (1978).

Rl (r) = (ζnl+3)/{(nl+2)!} rnl exp(-ζlr) 
  
dlm ±(θ,φ) = N lm ylm ±(θ,φ) 

yl0 (θ,φ) = Yl0(θ,φ) 
                                                                                               _ 
ylm +(θ,φ) = {(-)mYlm(θ,φ) + Yl-m(θ,φ)}/(√2) 
                                                                                              _ 
ylm - (θ,φ) = {(-)mYlm(θ,φ) -  Yl-m(θ,φ)}/(√2i) 

• %ρatomic : ��'����!
• %ρcore %: )('����!
• %ρvalence : ���&�������!
• %Pv %%: ���&���'���!
• %κ’ %%: ���&���'����'��	�!
• %κ’’      : 
���"'����	� 
• %Rl %%: 
���"'������ 
• %Plm ± : 
���"'��*���+ 
• %dlm ±  : 
���"'�!�����!

• %Nlm   : �����!
• �ylm ± : �!���� 
• %Ylm %  : �!���� 

!
%#ρatomic (r)  =  ρcore (r) + Pv κ’ 3 ρvalence (κ’r) 
 
   
                                                lmax                                  l 
%%%%%%%%+#$ κ’’ 3 Rl (κ’’r)  $##Plm± dlm±(θ,φ)   
                                           l = 0                              %m = 0 

�����  ����%(���)�

電子密度を実関数の1次で展開

→ 波動関数の2乗（球面調和関数の2乗）



f(h) = ∫ ρ(r) e2πihr dr 
  

      = <ψnlm | e2πihr | ψn’l’m’> 
 ����������������������������������������������������������������������k 
      = < ψnlm| Σ ik 4π/(2k+1) jk(qr) Σ Yk,s(θ, ϕ)Y*k,s(θ’,ϕ’) |ψn’l’m’> 
                              k=0                                             s=-k  
��������������������������____________�����������������������k 
      = Σ  ik �4π(2k+1) < Rnl (r)| jk(qr) | Rn’l’(r)> Σ Y�k,s(θ’,ϕ’) Ck(lm,l’m’)  
             k=0�����������������������������������s=-k  
              l+l’             ____________ 
      = Σ    ik ��4π (2k+1) <Rnl (r)| jk(qr) |Rn’l’ (r)> Y�k,(m-m’),(θ’,ϕ’) Ck(lm,l’m’) 
�������k=|l-l’| 

q = 4π sinθBragg/λ 
                                                                 ____________ 
Ck(lm,l’m’) = <Yl,m(θ, ϕ)| �4π/(2k+1) Y*k,s(θ’,ϕ’) |
Y*l’,m’(θ,ϕ)> 

Fourier-Bessel transformation 

jk  :  spherical 
      bessel function 
       of k-th order�

正しい解析のために

X-ray Atomic Orbital (XAO) 解析法 Tanaka, et al., Acta Cryst. A 64, 437 (2008).

波動関数を基底

→ 結合係数を実測電子密度から最適化



軌道散乱因子計算

中性 Sc ([Ar] 4s2 3d1) 原子の Slater-Type Orbital (STO) → 軌道散乱因子
Clementi and Roetti, At. Data Nucl. Data Tables 14, 177 (1974).

中性 Sc-3d1 原子の波動関数の散乱因子 → フーリエ逆変換

複素波動関数 実波動関数

m = ±2 m = ±1 m = 0
d 3z2-r2

d x2-y2 d zx d yz d xy


